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ABSTRACT 



We have shown that two of the most studied models of lineal gravities - Liouville grav- 
ity and a "string-inspired" model exhibiting the main characteristic features of a black-hole 
solution - can be formulated as gauge invariant theories of the Poincare group. The gauge in- 
variant couplings to matter (particles, scalar and spinor fields) and explicit solutions for some 
matter field configurations, are provided. It is shown that both the models, as well as the 
couplings to matter, can be obtained as suitable dimensional reductions of a 2 + 1-dimensional 
I SO (2, 1) gauge invariant theory. 
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I. INTRODUCTION 



In three and four dimensions, gravity with all its possible couplings with matter fields 
and particles can be formulated as a gauge theory of the Poincare group [1]. However, it is in 
three dimensions that the formulation of gravity as a gauge theory is particularly appealing, 
as the Einstein Hilbert action can be written as a pure Chern-Simons term of the ISO(2, 1) 
gauge potential [2]. 

In 1+1 dimensions the Einstein tensor = — \g^ v R vanishes identically, so 
that the Einstein field equations become vacuous. Some years ago a class of theories of 2- 
dimensional gravity, in place of general relativity, were proposed. Since then, various models 
have been studied [3], but two of them seem to have attracted a particular interest, both 
for their simplicity and for their group theoretical properties. The first one is the so called 
Liouville gravity [4], and it is the simplest non trivial theory of lineal gravity based on the 
scalar curvature R. In this model R is equated to a cosmological constant A. To cast this 
theory into an action principle, an additional scalar field rj that acts as a Lagrange multiplier 
leading to the equation of motion for R, is required. Liouville gravity then follows from the 
action 

h = J d 2 x^r,(R-K) . (1.1) 

By setting the metric tensor in a conformal form g^ v = e 2ip rj^ u , rj^ = diag(l, —1) being 
the flat Minkowskian metric tensor, the constant curvature condition implies the Liouville 
equation = — ^e 2(fi for the conformal field (p, which justifies the name of Liouville gravity. 

The second model we shall be concerned with has been recently introduced [5-7] as 
a two dimensional toy model leading to an interesting solution that exhibits all the main 
characteristic features of a black-hole geometry. Its action, 

h = J d 2 x^9e- 2 ^(R + 4g^d^d^-A) , (1.2) 

where the scalar field (p is usually referred to as the dilaton field, arises in sigma models 
deriving from string theory with a two dimensional target space and with the antisymmetric 
tensor field set to zero. By introducing the metric tensor g^ u = e 2ip g flu the action (1.2) can 
be written in a way that resembles the action (1.1), namely 

h = J d 2 x^{r,R-k) , (1.3) 

where r\ = e~ 2(p and R is the scalar curvature corresponding to the metric tensor g. The 
equation of motion obtained by varying I<i with respect to rj gives the zero curvature condition, 
so that g^ v can be consistently identified with rj^. The equation for rj arises by varying I2 
with respect to g^ u and, taking into account the R = condition, it leads to 



d^d v rj = - 1 -kr 1 ^ . (1.4) 



This can be easily integrated 



r, = M-j{x-x ) 2 , (1.5) 
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M and xq being integration constants. The physical metric 



V "M-A( X _ X0 )2 ^ 

has then the form of a 1+1 dimensional black-hole solution with mass M. 

Gauge theoretical formulations of the models (1.1) and (1.3) have been provided in the 
recent literature [6,8,9,10]. If we denote by P a and J the 1+1 dimensional momentum and 
Lorentz-boost generators respectively^, Liouville gravity can be presented as a gauge theory 
[11] of the de-Sitter group satisfying the algebra 

[P a ,J]=e a b P b , [P a ,P b ] = ^e ab J . (1.7) 

The "black-hole" model (1.3), instead, has been recently formulated as a gauge theory of the 
Poincare group [6] and of a centrally extended Poincare group [8,9,10], i.e. the Poincare group 
with a central element I in the momentum algebra 

zA 

[P a , J] = e a b P b , [P a , P b ] = —e ab I . (1.8) 

Although these gauge theoretical formulations are consistent and elegant (the cosmolog- 
ical constant term in Refs.[8-10] naturally arises from the field strength, and it is not put "by 
hand"), we would like to follow here a different path similar to the one we traced for 3 and 
4 dimensional theories of gravity in Ref.[l]. We want to show in fact that it is possible to 
describe 1+1 dimensional gravity as a gauge theory of the Poincare group, as in any other 
dimension. The Poincare group was also used in Ref.[6], however, in that formulation, there 
are some unpleasant features that were clearly pointed out in Ref.[8] In Ref.[6] in fact the 
gauge transformations have an unconventional form and the Lagrange density is not gauge 
invariant but it changes by a total derivative. The corresponding surface term, however, can- 
not be dropped with suitable asymptotic behaviors of the gauge fields, as it involves not only 
total derivatives of dynamical variables, but also of gauge parameters that are not required 
to vanish on the boundary. 

Moreover some difficulties arise in trying to couple matter fields to the centrally extended 
Poincare theory in a gauge invariant fashion. In fact, due to the central extension in the 
momentum algebra, only infinite dimensional representations of the algebra (1.8) are available. 
On the contrary as we showed in Ref. [1] a Poincare gauge theory can be formulated even in 
the presence of matter fields, so that it seems more convenient, when the coupling to matter 
is under consideration, to use the Poincare algebra instead of the centrally extended one. 

To formulate the models as Poincare gauge theories one has to introduce extra degrees of 
freedom in the theory: a set of Poincare coordinates q a (x) that transform as Poincare vectors 
under gauge transformations [1]. These degrees of freedom naturally arise by gauging the 



t In our notation, latin indices a, 6, c, ... = 0,1 denote internal (gauge) indices; they can 
be raised and lowered with the Minkowskian metric tensor rj ab = rj ab = diag(l, — 1). The 
convention on the antisymmetric symbol is £ 01 = 1. Greek indices \i, is, p, ... = 0, 1 will always 
denote space-time indices. 
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action of a free relativistic particle in Minkowski space so that it becomes invariant under 
local Poincare transformations. However, the presence of the q a {x) is fundamental in order 
to construct a Poincare gauge theory, not only for describing gravitational point-particles 
interaction, but also for matter field interactions. 

The Poincare coordinates q a (x) provide a map from the space-time to the internal (gauge) 
space M q of coordinates q a that can be locally identified with the tangent space. (See Ref.[l] 
for an exhaustive discussion on such degrees of freedom). 

An important point of our formulation is that, contrary to the conventional formulation 
of gravity as a gauge theory, the zweibein V a ^ is not identified with the component of 
the gauge potential along the P a generators. V a ^ is given by a relation involving the gauge 
potential as well as the Poincare coordinates q a (x). This permits to avoid the main difficulties 
encountered in the previous attempts of describing these models in the framework of a gauge 
theory. For instance we shall have Lagrangians that are really gauge invariant, i.e. that under 
gauge transformation do not give rise to total derivative terms . 

Moreover, in the previous gauge theoretical formulations of gravity in 2 dimensions, the 
gauge potential is given by 

A^ = V%P a + u^J , (1.9) 

the zweibein V a ^ being the component of the gauge potential along the translation generators 
{P a ) and the spin connection w M along the Lorentz generator (J). Consequently, using the 
Poincare algebra, V a ^ transforms under the action of the gauge group as 

SV% = -<9 M p a - e a b u lxP b + ae a h V\ , (1.10) 

a and p a being the infinitesimal parameter characterizing the Lorentz boost and trans- 
lations, respectively. From Eq. (1-10) it turns out that the space-time line element 
ds 2 = r) a bV a fj,V v dx^dx v is not a scalar under gauge transformations, i.e. one has that a 
"color singlet" changes under the action of the gauge group: 

8d8 2 = -?dpds 2 -2[d^V a p + ¥T a „]V av dx*dx v , (1.11) 

where p a = V a ^ and T a ^ = d^V a v - d v V a M + e a h {u y V b v - u v V b jU ) is the torsion. Never- 
theless, one can show that the gauge variation of ds 2 can be compensated by a diffeomorfism 
transformation generated by the vector field £^ {Sx^ = £ M ), provided the equation of motion 
of vanishing torsion is taken into account. ^ In our formalism, instead, the space-time metric 
9nu = VabV" ' fjY v is always a scalar under gauge transformations, due to the fact that the 
zweibein V a M is a more complicated combination of gauge potential and Poincare coordinates 
transforming as a Lorentz vector under Poincare gauge transformations. This feature allows 
in our approach to couple matter in a gauge invariant way also in the presence of torsion. 

Finally, we would like to mention another property of our formulation. All the gauge 
theoretical models describing 1+1 dimensional gravity are characterized by the gauge potential 
equation of motion of vanishing field strength, that is solved by a pure gauge potential. A 

t It has to be noticed, however, that in principle one might even consider these gauge 
theoretical models interacting with matter generating torsion, as it happens for fermions in 
higher dimensional theories. 
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particular type of pure gauge potential is the vanishing one = 0, which leads, in the 
conventional approach to gravity as a gauge theory, to the degenerate solution V a ^ = (see 
Eq. (1.9)). Therefore, in this case the usual geometrical interpretation of V a M is lost. On 
the contrary, following our approach, the gauge choice = is perfectly acceptable. It 
corresponds to absence of interaction, namely to free matter actions, as it happens in Yang- 
Mills theory. 

In Sect. IV we also show that both the Poincare gauge theories describing the lineal models 
(1.1) and (1.3) can be obtained by suitable dimensional reductions of the ISO{2, 1) gauge 
theory in 2 + 1 dimensions (see also Ref. [10]). 

In Sect. II we formulate the models in an ISO{l, 1) gauge invariant way and we discuss 
the connection with the usual Einsteinian formulation Eqs. (1.1) and (1.3). In Sect. Ill 
we provide the ISO(l, 1) gauge invariant couplings with matter (particles, scalar and spinor 
fields). The equations of motion will be explicitly solved for some matter fields configurations. 
We provide in fact new solutions of the ISO(l, 1) gauge theory coupled to fermion, scalar 
and point particle sources. 

In Sect. IV we also discuss the dimensional reductions that lead from a general 2 + 1- 
dimensional ISO(2, 1) gauge invariant theory with matter, to the ISO(l, 1) gauge invariant 
actions for gravity and matter in 2-dimensions. An ISO(2, 1) dimensional reduction leading 
to the de-Sitter-Liouville theory described in Refs. [5] is also discussed. 

In Sect.V we draw our conclusions, whereas in the Appendix some technical points con- 
cerning the value of the zweibein in the pure gauge solutions are discussed. 

II. ISO(l,l) GAUGE INVARIANT MODELS 

We shall formulate our models by gauging the corresponding ISO(l, 1) global invariant 
actions. In this way, the relations between the gauge potential and the relevant physical 
quantities of the theory will naturally emerge. Let us consider the action of a free relativistic 
particle in a two dimensional Minkowskian manifold A4 q , 

S b ee = Jdr [p a q a + X(p 2 - m 2 )] , (2.1) 

where (q a ,p b ) are canonically conjugate variables, r denotes the proper time of the particle 
and A is a Lagrange multiplier introduced to enforce the constraint p 2 = m 2 , m being the 
mass of the particle. S{ ree is obviously invariant under global Poincare transformations 

5q a = ae a b q b + p a , (2.2a) 
5p a = ae a b p b , (2.2b) 

where a and p a are constant infinitesimal parameters associated to the Poincare generators 
J and P a satisfying the algebra 

[P a ,P b } = 0, [P a ,J]=e a b P b . (2.3) 

As long as the particle is free, the canonical variables (q a ,p b ) can be identified with the 
space-time canonical variables (x^jTT^), because in this case the space-time is Minkowskian. 
If instead we include gravitational interactions such identification does no longer hold and 
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the q a and p b variables should be considered as functions of the space-time trajectory of the 
particle x M (r). 

To make the ISO(l, 1) symmetry local, the proper time derivative q a must be replaced 
by a covariant derivative V T q a = V^q a (x)x^ transforming as p a , where it is assumed that 
the q a (x) depend on the proper time r only through the space-time trajectory x M (r). The 
covariant derivative must contain an homogeneous part, with gauge potential cu M associated 
to the Lorentz transformation J, and an inhomogeneous part with gauge potential e a ^ as- 
sociated to the translation generators P a , whose presence is necessary in order to reabsorb 
the inhomogeneous term in the gauge transformation (2.2b). Thus we look for a covariant 
derivative of the form 

V^q a = d^q a + s a b ^q b + e% . (2.4) 

By imposing the condition 5V^q a = ae a b V^q b , we get the transformation laws for the gauge 
potentials 

Suj^ = -d^a , (2.5a) 
Se\ = -d^p a - e a b iv^p b + ae\e\ . (2.5b) 

By construction, the ISO(l, 1) gauge invariant action for a particle then reads 

Sp art = / dr [p a V^q a x» + X(p 2 - m 2 )] , (2.6) 

where x^{r) is the vector tangent to the particle trajectory, and q a (x(r)) describes an image 
trajectory in the internal Poincare space. 

By comparing Eq.(2.6) with the usual action for a particle in the space-time written in 
the first order formalism , it turns out that the physical zweibein is given by 

V% = V^q a = d^q a + s a b ^q b + e% . (2.7) 

Usually, in the framework of a Poincare gauge theory, the component e a M of the gauge 
potential along the P a generator is interpreted as the physical zweibein. As Eq.(2.7) shows, in 
our approach this statement is incorrect. However, since a choice of the map q a (x) corresponds 
to a gauge choice that fixes the translational part of the Poincare symmetry, leaving the 
theory invariant under residual Lorentz transformations, there exists a gauge choice in which 
the zweibein can be indeed identified with e a M . In fact, if we choose the "physical" gauge 
condition q a = we have from Eq.(2.7) V a M = e a M . Hence, this interpretation for the gauge 
potential e a M only holds in a particular gauge choice with a residual SO(l, 1) gauge freedom 
and, consequently, in the framework of a Lorentz gauge theory. Alternatively, if we keep the 
whole Poincare symmetry or if we choose a gauge different from the physical one, the zweibein 
has the more complicated structure given in Eq.(2.7). 

This feature allows to maintain a close analogy with any ordinary Yang-Mills-type gauge 
theory. Just as an example, suppose we have field equations of vanishing field strength, so that 
the gauge potential is a pure gauge. Then one can choose as a particular pure gauge solution 
the vanishing connection e a ^ = uj^ = that fixes completely the gauge arbitrariness. Within 
this gauge choice the zweibein is given everywhere by d^q a which, being the q a Minkowskian 
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coordinates, simply implies that the space-time is flat and the q a can be globally interpreted 
as space-time coordinates. [See the Appendix for a more exhaustive discussion on this point]. 

Next, we turn to the gauge potential Lagrangian. The transformations (2.5) are the usual 
gauge transformations one expects from a standard non Abelian gauge theory: introducing 
the Lie algebra valued gauge potential and the infinitesimal parameter u 



A ll = e a il P a + u ll J , (2. 

u = p a P a + aJ , (2.8b) 

the transformations (2.5) acquire the familiar form 

8A„ = -d^u - [Ap, u] = -A„u , (2.9) 

and the Lie algebra valued field strength 



(2.10) 



transforms covariantly under gauge transformations, namely 

5F^ = — [Fpu i u] = P a e a b (aT\ u - p b R^) (2.11) 

The finite version of Eq.(2.11) can be conveniently written by introducing the triplet F A ^ v = 
(T a fliy , Rfiv), A = (a, 2); then, integrating Eq.(2.11), F A ^ U transforms according to the three 
dimensional adjoint representation of the Poincare group, 



A (M\ e a c p c 
11 B = ' 1 



(2.12) 



where M a b is the finite boost 



M a b = 5 a b cosha - £ a & sinha . (2.13) 

Consequently, the Lagrangian density 

C = e^r ]A F A ilv (2.14) 

is gauge invariant provided the Lagrange multiplier triplet t\a = (Va, Vz) transforms according 
to the coadjoint representation 

Va^VbU b a , (2.15) 

or, in infinitesimal form, 

5Va = ae a % (2ie) 
Sm = e a b p b r] a 



It should be remarked that, since e a fl is not the physical zweibein, T a ^ cannot be 
interpreted as the physical torsion (that we shall denote by T a Mi ,); as a matter of fact, from 
Eq.(2.7) one can easily find that T a ^ u can be written as 



T% u = T%„ + e a b q b R^ , (2.17) 

and, as expected, only in the physical gauge T a ^ v = T a ^ u . However, since we are interested 
in a formulation of lineal gravity as a gauge theory of the Poincare (and not Lorentz) group, 
we shall not choose any specific value for the Poincare variables q a . 

By means of the covariant derivatives V^q a , one can also construct an IS '0(1, 1) gauge 
invariant cosmological constant term, namely 

Ke^e ab V^q a V v q h , (2.18) 

A being an arbitrary constant. 

We shall now show that the "black-hole" model Eq. (1.3) can be formulated in terms of 
the following I SO (1,1) gauge invariant action 



S BH = / d 2 xe^ 



(2.19) 



with r] replaced by r\2 — e a bT] a q b . 

In fact, by varying Sbu with respect to t\a we get the zero field strength condition 

TV = R^ = , (2.20a) 

whereas the equations of motion obtained by varying the action with respect to u u , e a u and 
q a are, respectively, 

d^2 + e\r 1a e\ - ^q a V^q a = , (2.20b) 

d^a + OO^Ea % + ^E ah V^ b = , (2.20c) 

TV = T\ v + E a h q h R llv = . (2.20d) 

In solving these equations, we first notice that Eq.(2.20d) of vanishing "physical" torsion 
is automatically satisfied by the zero field strength condition Eq. (2.20a). This is a general 
feature of the Poincare gauge theories describing gravity in any dimensions: in order to 
formulate gravity as an ISO(n, 1) gauge theory in an n + 1 dimensional space-time, one has 
to introduce the extra degrees of freedom (Poincare coordinates) q a and, consequently, one 
has extra equations of motion. However, these extra equations are harmless as they either 
provide identically satisfied conditions (as in the case of Eq.(2.20d)) or collapse with other 
equations (see Ref.[l]). 

Next, we solve the remaining equations, and to this purpose we have to choose a gauge. 
The physical gauge q a = is very useful to establish contact with the models previously 
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analyzed in the literature; in fact it can be easily shown that in the physical gauge the field 
equations (2.20) essentially collapse to those analyzed in Ref.[6]. However, there is a gauge 
choice in which the equations are even simpler: since the field strength vanishes, we can 
choose the zero connection condition e a ^ = = 0, which is consistent, up to a constant, 
with the choice q a = 5 a fl x fJl . Consequently the zweibein is a Kronecker delta, the metric tensor 
is Minkowskian and Eqs. (2.20) become 

d^m = ^Xf, 

(2.21) 

It is straightforward to see that the general solution of the equation for r\ = i]2 —s ab r] a q b is then 
given by Eq.(1.5) (up to a constant translation, which is a consequence of the arbitrariness 
q a — > q a +const.), so that the action (2.19) reproduces the two dimensional black-hole metric, 
once the relation between the r\ field and the metric tensor Eq.(1.6) is taken into account. Had 
we chosen the physical gauge q a = 0, the equations for r\ a and r\2 would have been coupled, 
leading therefore to a second order equation for 772, namely Eq.(1.4), and in this case r\2 would 
coincide with rj. 

Let us turn now to the ISO(l, 1) gauge formulation of Liouville gravity. A Poincare 
gauge invariant action that leads to the equation of motion of Liouville gravity is 



S = 



J d 2 xe^[r ]A F A ^ + ±( m - e c dVc q d )e ab V^q a V u q b ] . (2.22) 



In fact, the field equations obtained by varying 5" with respect to 772 , Va, e a v and q a 
are given by, respectively 



e^R^ + ^ v e ah V^V v q b 


= , 


(2.23a) 


£^TV - ^e a h q b e^e cd V^q c V v q d 


= , 


(2.23b) 


<Vy 2 + e a b r] a e b fl - ^(172 - e a b f] a q b )q c V^q c 


= , 


(2.23c) 


d^r] a + e^uJfj.Vb + ^ab^^q b (V2 ~ e° d r] c q d ) 


= , 


(2.23d) 


[2V^q b d v { m - e c dVc q d ) + r, b e cd D^q c V u q d ] 


= , 


(2.23e) 



where in the last equation we took the vanishing physical torsion condition into account. 
If we add Eq.(2.23c) to Eq.(2.23d) multiplied by e ca q c we get Eq.(2.23e): as expected, the 
field equation corresponding to the variation of S with respect to q a provides an identically 
satisfied condition. That these equations reproduces Liouville gravity can be easily realized by 
noticing that the scalar curvature R expressed in terms of the gauge potentials and Poincare 
coordinates reads R = 'R^ / 'det("D p q c ) , so that Eq.(2.23a) can be rewritten, assuming the 
invertibility of the zweibein, as the familiar constant curvature condition 

R = A (2.24) 
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leading to Liouville gravity. 

Of course Eq.(2.22) is not the only possible gauge invariant action that can be con- 
structed, expecially in view of the fact that the quantity t]2 — £ a bVaQ b is dimensionless and 
gauge invariant. Nevertheless Eq.(2.22) provides the ISO(l, 1) gauge invariant model leading 
to Liouville gravity. 

Explicit solutions can be found by choosing a particular gauge. In this case we shall choose 
the physical gauge q a = 0, so that the zweibein can be identified with the e a ^ component of 
the gauge potential. By choosing conformal coordinates e a ^ = 5 a tl e (p Eqs.(2.23) rearrange as 

2Uip = -Ae 2ip , (2.25a) 
w„ = ^ , (2.25b) 
^2 = £,\e v , (2.25c) 

<V^ + e u p £ a ^d a (pr] p = ^-e^^e* , (2.25d) 

where □ is the Minkowskian d'Alembertian and we omitted Eq.(2.23e) as redundant. Given 
a solution of the Liouville equation (2.25a), the value of the connection and lagrange 
multiplier r\ a and r\ 2 has to be chosen consistently with Eqs. (2.25b - d). The general solution 
of Eq. (2.25a) [9] would involve two arbitrary functions; however, the residual coordinate 
invariance that the conformal choice entails, allows to choose 

e 2 ^ = ? , (2.26) 

which lead to the following value for the Lagrange multiplier r\ 2 



a a x a + a 2 (l- fx 2 ) 



712 - ; ■ Ao . ( 2 - 27 ) 



a a and a 2 being arbitrary constants. The corresponding values for and r\ a can be straight- 
forwardly derived from Eq.(2.25b,c). Eq.(2.26) gives the metric of the space-time in Liouville 
gravity, 

(i + gx 2 ) 



III. ISO(l,l) GAUGE INVARIANT COUPLINGS TO MATTER 

In this Section we shall provide all the relevant gauge invariant couplings to matter 
(particles, scalar and spinor fields). It is important to remark that the formulation of black- 
hole gravity as a gauge theory has been performed after the action (1.2) was reduced to the 
simplified form (1.3), by redefining the metric through a conformal rescaling. Such a rescaling 
in the presence of matter gives rise to undesirable non-linear couplings of the dilaton field <p 
to matter fields (or particles), unless the matter under consideration is conformally invariant. 
Therefore, the gauge invariant quantity r\ = r\ 2 — s a bT] a q h can be interpreted as the conformal 
factor of a 2-dimensional black-hole model interacting with matter only when massless scalar 
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and spinor fields are considered. Nevertheless, it is instructive to see how a Poincare gauge 
invariant coupling to matter can be achieved in a more general context, and for this reason 
we shall also include in this Section the interactions with particles and massive (scalar and 
spinor) fields. Such non-conformally invariant matter configurations will be no longer related 
to the black- hole model but, rather, they should be regarded more generally as Poincare gauge 
invariant couplings to the action (2.19). In the case of fields, however, the massless limit of 
the solutions we shall provide is well defined and the corresponding metrics can indeed be 
interpreted as 2 dimensional black holes interacting with conformal matter. 

We begin with the coupling to particles. We then consider the ISO(l, 1) gauge invariant 
action 

S = Jd 2 xe^ VAF A ^+^e ab V„q a V„q b + a J dr \p a V^q a x» + X(p 2 - m 2 )] , (3.1) 
a being a dimensionless constant. The equations of motion deriving from S are 

-^ = -> FV = 0, (3.2a) 
or\ A 

SS A 
-_ = -> <V7 2 + £ a b v a e\ - -q a V^q a 

+ \e^e\ J drp a q b x"5^(x - x{r)) = , (3.2b) 

5S A 
___ = -> d^a + e^rjbOJf, + -e ah V^q b 

+ J drp a x v S^(x - x(t)) = , (3.2c) 

-> Ae^e ab T b ^ + 2aJ dr(d^p a + e a b oo^p b )x^^ (x - x(r)) = (3.2d) 

-> V^q a x^{r) + 2Xp a (r) = , (3.2e) 

-> p 2 - m 2 = , (3.2f) 
- p a x»T% u = 0. (3.2g) 



6S_ 

5q a 

ss_ 

SPa 

5S_ 

Jx 

SS 
5xv( T ) 



As expected, one of the equations (the last one) is automatically satisfied. Eq.(3.2a) implies 
the zero curvature and torsion condition, so that we can consistently choose the vanishing 
connection gauge = e a M = which, in turn, implies that the flat space M. q with coordinates 
q a coincide with the space-time with coordinates x^. The Eqs.(3.2d-f) are then equivalent to 
the equations of motion of a free relativistic particle in a Minkowskian space-time, leading to 
the solution 

p a = (7717,7717?;) , (3.3a) 
x a (x°) = (x°,vx°) , (3.3b) 

A ="2^- < 3 ' 3C > 
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where v is the velocity of the particle, 7 = (1 — v 2 ) -1 / 2 , x a (x°) denotes the particle trajectory 
and we chose x° = r and x a (r = 0) = 0. By substituting these solutions in the field equations 
for the Lagrange multipliers t\a we arrive at 

d^m = ^ 

(3-4) 

d,V a = - ^p^dix 1 - vx°) 

namely the equation for t]2 is unchanged if compared with the previous case without particle 
interaction (see Eq.(2.21)) and consequently its solution is again given by Eq.(1.5). The 
solution for rf is instead given by 



rf = ^e^8\x» - ^p^x 1 - vx°) + C a , (3.5) 



where C a is an arbitrary Minkowskian constant vector and $ denotes the Heavyside function. 

Next we consider couplings with matter fields (scalar and spinor). We require that the 
matter fields carry a representation of the Poincare group. Let us consider first the scalar field. 
In order to formulate a metric independent theory we need to work in a first order formalism. 
We then introduce a field (p A = ((p a ,m 2 (p) : [A = 0,1,2 and m being a mass parameter] 
carrying a vectorial (3 x 3) representation of the Poincare generators, i.e. transforming as 

6<p A = [aJ + p a P a ] A B <p B , (3.6) 

where the vectorial representation of the Poincare algebra is given by 

T A _ I e<1 b \ tiD \A ( 5 a b 



J «=( o 0) ■ ™ * = (o ) ' (37 > 

Accordingly we can construct the covariant derivative 

V^ A = («9 M 1 + u^J + e\P a ) A B p B (3.8) 

or, in components 



V^ a = 8^ a + e a b u^ b + m 2 e%v? 
An IS 0(1,1) gauge invariant action is given by 



(3.9) 



S s = J d 2 x e^e ab V^q a [V u cp b <p - V uW h + V„q b (<p c - m 2 pq c ) (cp c - m 2 cpq c )] . (3.10) 

The variation of Ss with respect to <p> a gives a relation between ip and <p a that substituted 
in the equation of motion for ip and assuming the invertibility of the zweibein leads to the 
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Klein-Gordon equation in curved space-time for a scalar field <p> with mass 2m. Hence, if we 
want to couple in a gauge invariant fashion a scalar field to the action (2.19) we are led to 



S 



J d 2 xe^ vaF a ^ + + a (fc - m 2 ipq c ){ip c - toW)) e ab V^q a V„q b 



+ae ab V^q a (V„<p b <p - T> u <P<p b ) 



(3.11) 



a being a dimensionless constant. The equations of motion deriving from the action (3.11) 
are 



5S 
SS 








,.4 



o, 



(3.12a) 



d^ 2 + e a bVae b fl - ^ + a(cp b - m 2 (pq b )((p b - m 2 ipq b )^ q a V^q a 



_5S_ 

Se a u 



= 



OL OL 

- -WaV^ - -q a [^V^ a - V^ a ] = , 
A 



6S 

5tp a 
6S_ 

5<p> 








df.rja + e a rjbu^ + ^ — + a(cp c - m (pq c )(p c - m (pq c ) ) e^V^q 
+ m 2 ^e ab V lI q b ^ 2 + ^e ab [ v V^ b - V^ b ] = , 
e^V^q b [e bc V v q c ^ a - m 2 <pq a ) + e ab V„(p] = , 
V v (p b - m 2 q c (ip c - m 2 <pq c )V„q b = , 



(3.12b) 

6 

(3.12c) 
(3.12d) 
(3.12e) 



where we omitted the equation obtained by varying S with respect to q a as redundant. To 
solve Eqs. (3.12) we shall choose the gauge q a = 0, cu M = 0, e a M = 5%, which is consistent 
with Eq. (3.12a). Then, decoupling Eqs.( 3.12d,e) we get the Klein-Gordon equation for the 
scalar field <p>, 

nv? + 4mV = , (3.13) 
□ being the Minkowskian d'Alembertian. Eq. (3.13) is obviously solved by plane waves 



k = Am" 



k = v /(k 1 ) 2 + (2m) 2 > . 



(3.14) 



We shall choose as an example the simplest superposition of the solutions (3.14) consistent 
with the reality properties of the scalar field cp, namely <p = cos kx. 

The value of ip a has to be chosen according to Eq.(3.12d), i.e. (p a = \5 a ^d^ip = 
2" A^q, sin kcc. 

Finally, the equations for the Lagrange multipliers in our gauge choice become 



OL 
OL 

= 'aV a - — /c M sin2/cx 

o 



d^ a = e ba 

= £ba 



a ' - ,6 Q ,„,„b\ , fi ( ^ , , , < , ...2 ,2 



-(ipd^ - d^) + 5 b 



+ a(ip c ip c + m (p ) 



(3.15) 



( | + am' 



a 



5 b v k^k v cos2kx 
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whose solutions are given by 

ro E v 



V 



V2 



Ax» - ^{(kx)k^ - k 2 x^) 



A 9 a 
~I 8 



(kx) —kx + -cos2kx 



(3.16) 



+ D 



D being an integration constant. 

To include fermions, we have to introduce 2x2 Dirac matrices 7" normalized as {7", 7 b } = 
2i] ab . We shall choose 7" = (a 3 , ia 2 ), and 7 s = 7°7 1 = a 1 , a 1 being the Pauli matrices. Then, 
a spinorial representation of the Poincare algebra with a non- vanishing translation generator 
is 

J = — 7 5 , P a = im~f a (l + S7 5 ) = im^ a P , 



where s = ±1. Consequently, a spinor field ip will transform according to 



a 



Sip = aJip + p a P a ip = --71^ + im i> Pip , 



and the corresponding covariant derivative will be 



= (dpi + uj^J + e%P a )^ = d^ip - -oj^ip + im ^ Pip 



(3.17) 
(3.18) 

(3.19) 



by 



An ISO(l, 1) gauge invariant action coupling fermions to the model (2.19) is then given 



d z xe^ \r ]A F A ^ + e ah V tx q a 



^D v q b - '-a {^A b V^ - H.C.) 



(3.20) 



where H.C. denotes Hermitian conjugate, a is a dimensionless coupling constant and the 
matrix A 6 is given by 

h h = 1 b + im[4 P^ b ]+2m 2 4rf 4 P . (3.21) 

The coefficient — | in front of the spinorial part of the action (3.20) has been chosen in such 
a way that it reproduces, in the flat space-time limit, the correct Dirac action for a Dirac 
spinor with mass 2m, i.e. 



Sfermions > J X tjj [l $ -2m] 1p . 



The relevant field equations arising from the action (3.20) are 



SS 
8uj u 








(3.22) 



(3.23a) 



<9 M ?72 + e a b 7] a e b fl - ^q a V^q 



+ 



tot 



S_S 

Se\ 

SS_ 

Stfj 



= 



H a A a V^ - -e ab V^A b ^ - H.C. 
A 



- ™ [e ab ^A b V^ + ime bc V^q c i;A b la Pi> - H.C.] = 



ie^e ab V^q a 



A b V u iP + ^V„A b ^ 



0, 



(3.23b) 

(3.23c) 
(3.23d) 
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where V l/ A b denotes the covariant derivative 



V v k h = im[V u 4 P, 7 6 ] + 2m 2 (V v 4 1 b 4P+4 ^V u 4 P) 



(3.24) 



As in the previous example, the flat space-time condition Eq. (3.23a) allows the gauge condition 
q a = 0, uj^ = 0, e a M = 5 a ^ so that Eq. (3.23d) becomes, as expected, 



[i $ -2m]V> = , 
whose plane wave solution can be written as 



E + 2m 
^E + 2m V ~ki 



(3.25) 



(3.26) 



^E + 2m \E + 2mJ ' 

where the ± sign denotes the positive-negative energy solutions (respectively) and /c M = 
(E,ki) = (a/ (&i) 2 + 4m 2 , k\). As an example, we shall consider a positive energy spinor 
then Eqs.(3.23b-c) are equivalent to 



dpdvTfr = -Tip,, 



A , 2 

— + 4am z 



(3.27) 



with solutions given by 



1 

2 



A 



+ 4am 2 



x 2 + -(kx) 2 + B , 



aikx)^ - ( 4am 2 + 



A 



(3.28a) 
(3.28b) 



B being an integration constant. 

In this Section we have provided the main ISO(l, 1) matter couplings to lineal gravity and 
solved the corresponding equations of motion. At first glance, however, the gauge invariant 
actions for the matter fields look rather complicated, due to the explicit dependence on the 
Poincare vectors q a which, in turn, is necessary in order to have Poincare gauge invariance 
[see for instance Eqs. (3.10) and (3.20), (3.21)]. In the remaining part of this Section we shall 
show an elegant and powerful procedure to obtain such gauge invariant actions. 

Matter fields are supposed to belong to some suitable representation (J, P a ) of the 
Poincare algebra. The zero momentum representation (J,P a = 0), although trivial, is in- 
deed a representation of the Poincare algebra. Moreover, gauge invariant matter actions in 
the zero-momentum representation can be quite easily found, as the matter fields transform 
in this case only under the Lorentz subgroup of the Poincare group with generator J. 

Given an arbitrary representation (J, P a ) for a generic matter field multiplet we can 
always find a corresponding multiplet $ transforming according to the zero-momentum rep- 
resentation (J, 0), the relation between $ and $ being 



$ = (1 - q a P a )<$> 



(3.29) 
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[By direct inspection, one can see that if 5$ = aJ& + p a P a &, then 5<E> = aJ$.] Consequently, 
Poincare gauge invariant matter actions in any arbitrary representation can be easily found 
by first looking for a gauge invariant action for matter fields $ in the zero-momentum rep- 
resentation, and successively by using Eq. (3.29) to express $ in terms of As a specific 
example, we can derive the Poincare gauge invariant action for a spinor field of mass 2m. By 
choosing the representation (3.17) for the Poincare algebra, it turns out that the spinor 

X = [1 - im 4 (1 + s7 5 )]-i/> = [l-im4 P]ip , (3.30) 

transform according to 

5 X = c*J x = -| 7 5 x , (3-31) 

provided ip transforms according to Eq. (3.18). A gauge invariant action action for the x 
spinor is simply 



Sf = - J d 2 xe^e ab V^q a % - (xi h D vX ~ H.C.) - 2mV v q h XX 



(3.32) 



where D^x = d^X + ^^Jx, as X does not transform under translations. By substituting Eq. 
(3.30) in Eq. (3.32) the action Sf can be written, after reshuffling, as 

S = ~\j d 2 xe^e ab V^q a [$ ( 7 6 + im[d P, 7 6 ] + 2m 2 4 7 6 4 P) - H.C.] . (3.33) 

Eq. (3.33) is precisely the fermionic part of the action (3.20), and is invariant under Poincare 
gauge transformations (3.18) with non trivial momentum generators (3.17). 

IV. DIMENSIONAL REDUCTIONS 

In this Section we shall show that all the models previously discussed as well as all the 
couplings with matter can be obtained from suitable dimensional reductions of an ISO(2, 1) 
gauge invariant theory in 2 + 1 dimensions. We shall denote 2 + 1 dimensional space-time 
indices by a, 7, ... = 0, 1, 2, and the first two components denote the corresponding 1 + 1 
dimensional space-time indices fj,,v,p,... = 0,1. In the same way internal ISO{2 1 1) gauge 
indices will be labelled by A,B,C,... = 0,1,2, and the first two values of A, B, C, ... will 
denote the corresponding ISO(l, 1) internal indices a, 6, c, i.e. A = (a, 2) and so on. The 
convention on the three dimensional completely antisymmetric symbol is e 012 = 1. 

In 2 + 1 dimensions the Einstein Hilbert action can be written as 

S eh = ^J d 3 xe^r ]AB e A a [dpuj B J + e B cDUJ C puj D J ] (4.1) 

(G being the Newton's constant with dimensions of a length) and Seh can be shown to be 
gauge invariant under the ISO(2, 1) gauge transformations 

5e A a = -d aP A - e A Bce B a K C - e A B coo B a p c 

c A o A A B C ' \ ) 

dUJ a = -d a K - E ECU a« 
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Here k a and p A are infinitesimal arbitrary functions associated to Lorentz and translation 
transformations, respectively. 

As is well known [2], introducing a suitable inner product for the generators, Seh becomes 
the Chern Simons action of the ISO(2, 1) group. 

That Eq.(4.2) are indeed the transformation laws for ISO(2, 1) gauge potentials can 
be easily realized by redefining the 50(2, 1) generators J a = — \^a BC Jbc m terms of the 
usual Lorentz generators Jbc', then, the Poincare algebra written in terms ofJ^ and of the 
translation generators Pa simply becomes 

[J a, Jb] = e AB C Jc , [J a, Pb\ = e AB C Pc , [Pa, Pb] = . (4.3) 

Introducing the Lie algebra valued gauge potential 

A a = e A a P A + uj A ce JA (4.4) 

and taking the algebra (4.3) into account, the transformations (4.2) can be written in the 
form of the usual gauge transformations of a non-Abelian gauge theory, namely 

6A a = -A a u= -d a u-[A a ,u] 

A A 4.5 

u = P A p A + Jak A 

From the gauge potential A a one can construct the ISO(2, 1) field strength 

F a(3 = [A a , Ap] = P A T A aP + J B R B a p = P A [d a e A f3 - d/3e A a 
+ e A Bc(uJ B a e C p + uj C pe B ce )] + JA[d ce uj A (3-dpuj A ce +e A BCUJ B a uJ C p] 

However, as in the two dimensional case, the components e A a of the gauge potential cannot be 
interpreted as the physical dreibein without encountering inconsistencies and, consequently, 
T A a p cannot be identified with the physical torsion [1, 12]. Again, we have to introduce a set 
of Poincare coordinates q A (x) transforming as Poincare vectors 

Sq A = e A BC K B q c + p A (4.7) 

and the physical dreibein V A a will be given by the covariant derivative of the Poincare vectors 
(for a detailed discussion on the three dimensional case we refer the reader to Ref.[l]) 

V A a =V ol q A = d a q A +s A BcU B a q C + e A a . (4.8) 

Then, from Eq. (4.8) the physical torsion T A a p will be given by 

T A ap = T A af 3 + e A BcR B a pQ C (4.9) 

and, as expected, only in the physical gauge q A = 0, it coincides with T A a p. 
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Besides the couplings with matter fields and particles (see below), one can construct other 
ISO{2, 1) gauge invariant actions in terms of gauge potentials and Poincare coordinates. First 
of all there is the cosmological constant term 

Sh= J\j ^ xea ^ e ^cV a q A V m B V iq c . (4.10) 

Next, we can also consider the action invariant under the SO{2, 1) subgroup of the Poincare 
group [13] 



S E = 1 -J d 3 xe^ VAB u; A a 



OpUJ 7 + -£ CD^ 7 



(4.11) 



7 being a dimensionless parameter. However, if we add S B to the Einstein Hilbert action 
S eh -i the spin connection has to be taken as a function of the dreibein rather than as an 
independent variable, so that we would actually have a second order description. In order 
to have a first order formalism, together with S E we shall also include a Lagrange multiplier 
term enforcing the (physical) torsionless condition [14,15] 

Sx = J d 3 xe a ^r ]AB X A ce [dpV 1 q B +e B CD u J C pV 1 q D ] , (4.12) 

where, in order to guarantee gauge invariance, the Lagrange multiplier fields X A a transform 
according to 

8X A ol = e A BC \ B a K C . (4.13) 
Hence, the most general ISO(2, 1) gauge invariant action we can consider is 

S = S EH + S A + S E + S X . (4.14) 

The dimensional reductions will be always performed along the x 2 direction, that will be 
compactified to a unit length. Moreover, to confine the reduced theory on a 1 + 1 dimensional 
space-time, we shall set d2(anything) = by default. In this way all the x 2 integrals in the 
2 + 1-dimensional actions will only give, after reduction, an overall unit factor. 

First of all, we perform a dimensional reduction leading to the Liouville gravity as 
ISO(l, 1) gauge theory. To this purpose, we choose 7 = and \ A a = 0. This choice 
can always be consistently performed as 7 is a parameter and the gauge transformation for 
\ A a is homogeneous (in other words, it is equivalent to consider in 2 + 1 dimensions only the 
Einstein Hilbert action plus the cosmological constant term). 

Then, we perform the dimensional reduction as shown in Table A 



TABLE A 
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Dimensional 


Reduction A 


2+1 Dimensions 


1+1 Dimensions 


e 2 2 


-m 


e% 


a 






UJ h 2 




p a 


p a 


K 2 


a 


q a 


q a 



all the remaining 2 + 1 dimensional quantities can be chosen to vanish. In particular, we 
set p 2 = and K a = 0; this means that we are performing (in the internal space) the same 
dimensional reduction induced by the elimination of the corresponding dimension in the space- 
time: in fact, according to the elimination of the x 2 axes in the space-time, we retain only 
the generators of the translation in the first two components (p a ^ and p 2 = 0) and the 
only possible Lorentz transformation, i.e. a boost along the direction 1 in the internal space, 
whose generator is J 2 (k 2 7^ and K a = 0). In other words, if we denote by Pa and J a 
the ISO(2 : 1) generators (we introduce the hat to avoid confusion with the corresponding 
ISO(l,l) generators), the ISO(l, 1) generators we get from the dimensional reduction in 
Table A are P a = P a and J = J2. 

It is not difficult to check that the ISO(2, 1) gauge transformations (4.2) and (4.7) 
reproduce, with the proper identifications specified in Table A, the correct ISO{l, 1) gauge 
transformations (2,2a), (2.5) and (2.16). [Here and in the following, we shall denote this 
property by consistency criterium; this means that a given dimensional reduction not only 
maps 2 + 1 dimensional fields into 1 + 1 dimensional fields, but also that the 2 + 1 dimensional 
gauge transformations are consistently mapped into the corresponding 1 + 1 dimensional 
transformations. This is the reason why we dimensionally reduce not only the fields but also 
the gauge parameters and, consequently, the generators.] 

By substituting the content of Table A in the action She + 5a one gets 

She + S a ^^ J d 2 xe^[ V AF A ^ + ^( V2 -e a bVa q b )e ab V^q a V I/ q b ] , (4.15) 

which is, up to a constant G, the action leading to the Liouville gravity described in Sec. 
II with cosmological constant GA (see Eq. (2.22)). Notice that, in spite of the fact that 
d2(anything) = and q 2 = 0, the dimensional reduction maps T>iq 2 into the gauge invariant 
structure r\i — e a br} a q b - 

But there is another ISO(2, 1) dimensional reduction leading to the Liouville gravity. 
In fact, let us consider the action (4.14) with A = (i.e. without cosmological constant 
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term) and with X A a = (this choice is always possible for any dimensional reduction, the 
transformation laws for X A a being homogeneous) and perform the reduction summarized in 
Table B 



TABLE B 



Dimensional 


Reduction B 


2+1 Dimensions 


1+1 Dimensions 







W fj, 




LO 2 


-TJ 2 ^M 2 /2 


LO 2 


v b 


.a 




K 2 


a 


K a 


p a y/M 2 /2 


P A 






where the constant M ^ (with dimensions of a mass) has been introduced in order to 
maintain the correct dimensions of the fields and gauge parameters. 

Some comments are in order. First of all we notice that since e A a (as well as p A ) has 
been set equal to zero, this is a reduction from ISO{2, 1) to an 50(2, l)-type group (and with 
this choice only the action Se survives in S). Moreover, from Table B it is clear that the 
relation between the two sets of generators (before and after the reduction) is J a = P a and 
J 2 = J- 

Using Table B in the transformations (4.2) we obtain the following gauge transformations 
for the reduced degrees of freedom, 

$V2 = e ab r) a p b (4.16a) 
M 2 

Sr, a = ae a bV b + — m s a b p b (4.16b) 
M 2 h 

8lo^ = -d^a —e ab e a ^p (4.16c) 

Se% = -<9 M/ 9 a + ae a b e b ll - e a b u^p b (4.16d) 

From Eqs.(4.16) it is apparent that these are not ISO(l, 1) gauge transformations (compare 
with Eqs. (2.5)). This is not surprising because, as we already said, this should be an 
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SO(2, l)-type group. As a matter of fact, the transformations (4.15) can be rewritten as 
gauge transformations of the SO(2, 1) de-Sitter group. To this purpose, let us introduce the 
SO(2, 1) de-Sitter algebra 

M 2 

[P a ,J]=e a b P b , [P a ,p b ]= £ab J— . (4.17) 

Then, using the algebra (4.17), the transformations (4.16) can be rewritten as 

SAp = -A^u = -d^u - [Ap, u] , 
5r] = [u, 7]] , 

A^ = e%P a + u^J , (4.18) 

V = V a P a + V2J , 
u = p a P a + aJ . 

Consequently, by construction the reduction ISO(2, 1) — > de — Sitter SO(2, 1) is consistent 
in the sense previously explained. The field strength corresponding to the gauge potential A^ 
is 

F/jiu = [A M , A,] = \d^\ - d v e\ + e\(uj^\ - u v e\)\P a 

r2 \ (4.19) 



/ m 2 \ 

+ I d^u v - d v u^ + —e ab e a ^e b u j J 



and it transforms according to 

SF liV = [u,F liV ]. (4.20) 

The algebra (4.17) possesses an invariant, non degenerate bilinear form given by the 
Killing metric 

9AB=(- i £ r,ab °) (4-21) 

where now the indices A, B run from to 2. Using this metric (4.21) and the definition 
Ta = (To, Ti, T 2 ) = (Po, Pi-, J) the algebra (4.17) can be written in compact form 

[T A , T b ] = fAB C T c = sabd9 DC T c (4.22) 

By taking into account Table B, Eqs. (4.19) and (4.21), the 2 + 1 dimensional action S 
is mapped, under reduction, into the following de-Sitter SO (2,1) gauge invariant action 

S J d 2 xe^g AB V A F B ^ , (4.23) 

that is precisely the de-Sitter 50(2, 1) model leading to the Liouville gravity analyzed in Refs. 
[11]- ' 

The third dimensional reduction we shall consider is the one reproducing the ISO(l, 1) 
black-hole model (2.19). The reduction is summarized in Table C. 
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TABLE C 



Dimensional 


Reduction C 


2+1 Dimensions 


1+1 Dimensions 


a 

e n 


a 

e |u 


e\ 




e 2 2 


/3 = const. 


, ,a 
U fi 







w M 


U>°2 





U 2 2 





A ^ 





A ^ 





A a 2 


rfjG 


A 2 2 


(V2-e abV a q b )/G 2 




q a 




a 









p a 


P 2 


Ga 



Among the various reductions we proposed, this is the less trivial. In fact, whereas the 
mapping of the translation generators is the same as in the Reduction A (i.e. P a = P a ), to the 
generator J does not correspond a single ISO{2, 1) generator but, rather, the combination 
J = J2 + GP2, as can be easily deduced by the fact that there are two ISO(2, 1) gauge 
potentials corresponding to the same potential (or, equivalently, there are two ISO(2, 1) 
infinitesimal gauge functions corresponding to a). However, since the Pa generators commute, 
this identification is permitted. As a matter of fact, by substituting J = J 2 + GP2, J a = 0, 
P a = P a in the ISO{2, 1) algebra for the generators (Pa, Ja), we get the ISO(l, 1) algebra 
(2.3) for the generators (J, P a ) and, consequently, this is a ISO(2, 1) — > ISO(l, 1) reduction. 

As can be checked by direct inspection, the I SO (2,1) gauge transformations are mapped, 
through Table C, into the corresponding ISO(l 7 1) gauge transformations, i.e. the reduction 
is consistent. 
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Moreover, substituting the content of Table C in the action (4.14) one gets 



S ^^gJ d2x£ilV ^ aFA ^ + ^G(3e ab V^q a V u q b ] , (4.24) 

namely a 1 + 1 dimensional action leading to a black-hole solution with mass 2hGf3. A final 
remark concerns the q 2 coordinate; we did not fix in Table C any reduction for this degree 
of freedom as it never appears in the reduced action (4.24) (i.e. in the action q 2 is always 
multiplied by terms that vanish when the reduction is applied). Consequently, not only it 
corresponds to a completely decoupled degree of freedom but it looses any possible dynamics 
when the reduction is performed. 

Next, let us turn to the dimensional reductions for the matter fields. From now on, we 
shall always consider the dimensional reduction given in Table C for the gauge potentials and 
Poincare coordinates. 

First of all, we obviously have to give the ISO(2, 1) gauge invariant actions in 2 + 1 
dimensional space-time. 

For the scalar field we follow in 2 + 1 dimensions the prescriptions introduced in 1 + 1 
dimensions. We then introduce a multiplet $ = (ip A ,m 2 (p) transforming according to the 
vectorial representation of ISO(2, 1), that is four dimensional and gives 

6<p A = e A BC K B <p c + p A m 2 <p , 

<V = o. 

The covariant derivative of the multiplet $ (transforming as the field $ itself) is defined as 

V a ip A = O a ip A +e A BCUJ B a <p C + m 2 e A a 
V a ip = d a ip 

An ISO(2, 1) gauge invariant action written in terms of $ = ((p A ,m 2 (p) is then 

Ss = ~\j A£a ^^c^/^9 B [(^ 7 /-^^)+^? C (/-mV9 )(^-mV?D)] 

(4.27) 

As it happened in the 1 + 1 dimensional case, the variation of Ss with respect to tp A provides 
a relation between ip and tp A that substituted in the equation of motion for cp and assuming 
the invertibility of the dreibein leads to the Klein-Gordon equation in curved space-time for 
a scalar field ip with mass 3m. [We do not worry of the fact that in this way we always 
get the Klein-Gordon equation for a scalar field with mass nm in a n dimensional space- 
time; in fact the mass nm can be always rescaled to any desired value (provided one suitably 
normalizes the momentum generators) . Alternatively, since the action Ss is given by the sum 
of two terms which are separately gauge invariant, we can always put a suitable (numerical) 
coefficient in front of the (ip D — m 2 <pq D )(<pD — m 2 (pqD) term to adjust the mass of tp to m 
in any dimension and without spoiling gauge invariance. Finally, a third possibility is to add 
the gauge invariant term cm 2 'ip 2 '•e OL ^~ ) 'e abc^ *aQ A 'D */3Q B 'D 1 q c to the scalar Lagrangian. In any 
dimension, the numerical constant c can always be chosen in such a way that the mass of <p 
becomes m. ] 
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Before performing the dimensional reduction, we shall consider scalar field configurations 
for which p 2 = m 2 pq 2 . This configuration is consistent with the dimensional reduction C we 
are going to apply. In fact, after the reduction is performed, p 2 transforms exactly in the same 
way as m 2 pq 2 . Consequently, the relation p 2 = m 2 pq 2 can be seen as an ISO{2, 1) gauge 
choice (before applying the reduction) that however does not break the residual ISO(l, 1) 
gauge invariance that the Reduction C entails. 

The remaining components of the multiplet $ are then dimensionally reduced according 

to 



TABLE D 



Reduction C 


(for scalars) 


2+1 Dimensions 


1+1 Dimensions 


p a 






m x l 2 p 



One can easily check that the reduction is consistent; moreover, by substituting the 
contents of Tables C and D in the action Ss one gets 



S S ^\mf3 J d 2 xe^e ab V^q a [ (<pV v( p b - V v( p<p b ) 
+V v q h 



3 TTh 

-(p c - m 2 q c p)(p c - m 2 q c p) + — p 2 



(4.28) 



which is ISO(l, 1) gauge invariant. Assuming the invertibility of the zweibein T>^q a , the 
action (4.28) reproduces the Klein-Gordon equation in curved space-time for a scalar field <p 
with mass 3m. 

As it is clear from a comparison between Eqs.(3.10) and (4.28), the Poincare gauge 
invariant action for a scalar field in 2 + 1 dimensions is a straightforward generalization of the 
corresponding action in 1 + 1 dimensions. As we shall see in the sequel, this is no longer true 
for the fermion fields. 

The lowest dimensional representation of the Clifford algebra in 2 + 1 dimensions is 
2x2. As is well known it can be constructed in terms of Pauli matrices a; we shall choose 
7^ = (a 3 ,ia 2 , — ia 1 ). Then, fermions in 2 + 1 dimensions are represented by 2 components 
spinors ip. 

However, contrary to what happens both in 1 + 1 and in 3 + 1 dimensions, a non trivial 
representation of the Poincare algebra cannot be realized in terms of 7 matrices characterizing 
the lowest dimensional representation of the Clifford algebra: in fact to define the momentum 
generators Pa we need a matrix playing the role of 7 5 , which is not available in 2+1 dimensions 
with the given representation for the 7 matrices as Z7°7 1 7 2 = 1 . In other words, since the 
"f A form a representation of the SO (2, 1) algebra, it is impossible to find a representation of 
the I SO '(2, 1) algebra with non trivial momentum only in terms of r y A . 
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Consequently, we have to consider a higher dimensional representation of the Clifford 
and ISO(2, 1) algebra and, correspondingly, higher dimensional spinors. The next available 
dimension is four, and the most convenient representation for the ISO(2, 1) algebra is in terms 
of the four dimensional Dirac matrices T A in the chiral representation, namely 

-°i r-U" ;"). y , (4, 9 ) 

where i = 1, 2 and we used capital V in order to avoid confusion with the previously defined 
2x27 matrices. Then, a representation of the Poincare algebra is given by 

J A = - l -e ABC T B T c , P A = % -mT A {l + sT 5 ) = l -mT A Yv (4.30) 

and we shall consider therefore a four dimensional spinor \& transforming according to 

5-q, = u -q, = (j AK A + P AP A )y . (4.31) 
The four component spinor \1/ can be written in terms of a two component spinor ip as 

* = (^ ( i-|«^w) ' <4 ' 32) 

where ^= / y A q A with / y A the 2x2 Dirac matrices previously defined, and the matrix cr 3 (l — 
|zm ^) in the lower components of \& has been introduced in order to have consistency with 
the transformations (4.31). 

Next, we turn to the construction of a gauge invariant action. From the transformations 
properties (4.31) it follows that the Dirac conjugate spinor ^ = transform as 

5$ = -y u = -^(J A k a + P A p A ) (4.33) 

so that the bilinear is gauge invariant. Moreover, if we define a covariant derivative of ^ 
transforming as ^ itself, any bilinear of the type ^>T> a ^> will be gauge invariant too. Such a 
covariant derivative is clearly given by 

V a V = (d ce l + u A ce J A + e A ce P A )y . (4.34) 

Then, a gauge invariant action is given by 

S F = lj d 3 xe a ^e AB cV B V iq c [^>k A V^ - H.C.] , (4.35) 
where the matrix A A is given by 

A ^ = r^-^[^n,r A ] + ^m 2 ^nr A ^n . (4.36) 

After lengthy but straightforward manipulations it can be shown that the action (4.35), 
once the decomposition (4.32) is taken into account and assuming the invertibility of the 
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dreibein V a q , leads to the correct Dirac equation in curved space-time for a two-component 
spinor ifr with mass m. In particular, it should be remarked that whereas \1/ carries a non trivial 
representation of the Poincare group, the two component spinor if) transforms according to 
SO(2, 1) as can be easily checked by substituting Eq. (4.32) in (4.31). This expected feature 
is a consequence of the fact that it does not exist a representation of the Poincare algebra 
in terms of the 2x2 Dirac matrices "f A besides the one with trivial momentum operators 
Pa = and, consequently, ip can only transform according to 50(2, 1). In the same way, the 
Poincare gauge invariant action (4.35) when expressed in terms of ip through Eq. (4.32) is 
equivalent to a gauge invariant action written in terms of of r ) A Dirac matrices and with the 
spinor ip belonging to the zero momentum representation of the Poincare group. 

We shall apply the dimensional reduction given in Table C to the action (4.35), with the 
following reduction for the fermions 

ip — >■ y/m[l - imq a ^ a {l + «7 5 )]x = \fm[l - imq a ^ a P]x , (4.37) 

where x denotes the corresponding (two components) spinor in 1 + 1 dimensions and the 
(7 a ,7 5 ) matrices in the r.h.s. are those defined in Sect. III. 

By substituting Table C, Eqs. (4.32) and (4.37) in the fermionic action Sp we get 

Sf - -i^P J d 2 xe^e ab V^q a [{xA b V„ X ~ H.C.) - %mV v q h xx\ , (4.38) 

A b = 7 b + im\i P, 7 6 ] +2m 2 4^ 4P , 

which is the correct ISO(l, 1) gauge invariant action in 1 + 1 dimensions leading to the Dirac 
equation in curved space-time for a spinor x of mass m. 

As a final comment we notice that, as it happens to the dimensional reduction leading 
to the 1 + 1 dimensional black-hole model Eq. (4.24), the Poincare coordinate q 2 completely 
disappears from the reduced action. 

V. CONCLUSIONS 

In a proposal of several years ago [4], it was suggested that gravitational equations for 
lineal gravity could be expressed only in terms of the scalar curvature i?, the simplest object 
encoding all the local geometric properties of 1 + 1 dimensional space-time. Since then, many 
models have been proposed and studied. However, two of them have attracted a particu- 
lar interest recently: the so called Liouville-gravity, and the "black-hole" model. These two 
models possess many peculiar and interesting features, both from the mathematical and phys- 
ical point of view. They have been successfully used in statistical mechanics (especially the 
Liouville-gravity). The black-hole model, instead, represents the simplest theoretical labora- 
tory in which all the main characteristic features of the black-hole geometry can be studied. 
Consequently, it could be used to gain interesting insights in a wide class of physical phe- 
nomena that would be difficult to treat in a four dimensional context (such as the quantum 
evolution of a black- hole, including back reaction [7]). 

From the mathematical point of view, these models have interesting gauge theoretical 
properties. In Ref. [8, 9] it has been shown that the black-hole model can be written as 
a gauge theory of the centrally extended Poincare group, i.e. the Poincare group with a 
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central extension in the momentum algebra, whereas Liouville gravity can be formulated as 
an 50(2, 1) de-Sitter gauge theory [11]. 

In this paper, we have shown that both these models can be cast in the framework of a 
Poincare gauge theory, without a central extension, providing therefore a gauge theoretical 
approach for the two models alternative to the ones discussed in Refs. [6,8,9]. 

In our formulation the component e a M of the gauge potential along the translation gen- 
erators are not identified with the physical zweibein. This is given by the Poincare covariant 
derivative of the coordinates q a , T>^q a . 

Our method also provides the possibility of writing the gauge invariant couplings with 
particles, scalar and fermion fields. We have also solved the corresponding equations of 
motion. 

In Sect. IV we have shown that all the ISO(l, 1) gauge invariant models previously considered 
as well as all the gauge invariant couplings to matter can be obtained by suitable dimensional 
reductions of an I SO (2, 1) gauge invariant theory. 

Concerning the dimensional reductions, a different approach was adopted in Ref. [10], 
where it was shown that both the de-Sitter-Liouville gravity [11] and the centrally extended 
Poincare model [8] can be obtained as dimensional reductions of a centrally extended ISO(2, 1) 
2 + 1-dimensional theory. However, the results given in Ref. [10] have to be considered on a 
different ground respect to those we have presented in Sect. IV, basically because the starting 
and ending gauge groups (before and after the reduction) in [10] are different from the ones 
considered by us. In particular, the coupling to matter is difficult to realize even in a centrally 
extended ISO{2, 1) gauge theory. On the contrary, we have shown [1,12] that these problems 
are absent in an ISO(2, 1) gauge theory of gravity without central extension. 

In conclusion, we think that the most convenient group to formulate gravity coupled to 
matter as a gauge theory in any dimension is the Poincare group (see also Refs. [1, 12] for 
the three and four dimensions). 

Several aspects of the results we have presented deserve a deeper analysis and will be 
the subject of future investigations. Among them, there are the quantization of the models 
coupled to matter and the study of the physical properties of the new solutions found in Section 
II, with particle, scalar and spinor sources. Moreover, one could investigate what corresponds 
in 2 + 1-dimensions to the two dimensional solutions presented in this paper. Finally, another 
interesting problem could be the analysis and the classification of new possible two dimensional 
models for gravity which admit a gauge theoretical treatment and a dimensional reduction 
from gauge invariant 2 + 1-dimensional actions. 

NOTE 

After the completion of this work we received a paper by A. Achucarro [16] in which 
a different dimensional reduction from the three dimensional Einstein-Hilbert action with a 
non-vanishing cosmological constant, to the black-hole action, is proposed. 
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APPENDIX 



In this Appendix we shall show some technical but important points related to the pure 
gauge solutions. In particular, we shall analyze in which case the physical zweibein assumes 
the unphysical vanishing value. 

In all the models considered in this paper, we always have the vanishing field strength 
equation, that are solved by pure gauge potentials. As is well known, a particular type of 
pure gauge potential is the vanishing one. In order to pursue the analogy with ordinary 
gauge theories with compact gauge groups, = should give absence of interaction and 
consequently free matter actions, in other words, a flat space-time. 

This does not happen in the conventional approach to gravity as a gauge theory, where the 
zweibein is chosen as the component of along the translation generators and, consequently, 
A^ = corresponds to the degenerate case of a vanishing space-time metric. In our approach, 
instead, the gauge potential is not thezweibein and one can show that A^ = leads to a 
zweibein that is given everywhere by the derivative d^q a (see Eq. (2.7)) which, being the q a 
Cartesian coordinates with Minkowskian metric, simply implies a flat space-time. 

With our method even in the physical gauge where q a = and V a ^ = e a M one can still 
maintain the geometrical interpretation of the zweibein. In fact in selecting the physical gauge 
we automatically choose a particular value of p a and it is this constraint that, as we shall see 
in the sequel, prevents e% to assume the vanishing value. Actually it is not difficult to see 
that the vanishing field strength condition together with q a = gauge choice imply e a ^ = 5 a M 
modulo a local Lorentz transformation, that is precisely what one would expect: in the flat 
space time limit the zweibein can be chosen to be 5 a M , and the Lorentz transformation up to 
which e a ^ is defined is related to the residual SO(l, 1) gauge freedom that the physical gauge 
entails. On the other hands, if the field strength vanishes, one can choose as a particular 
solution the vanishing connection e a ^ = = that, however, is a gauge choice different 
from the physical one and moreover fixes completely the gauge arbitrariness. This gauge 
condition implies that the Poincare coordinates coincide (up to a constant Minkowskian 2- 
vector) with the space-time coordinates, i.e. q a = 5 a ^x^ + c a and the physical zweibein is 
again V a ^ = d^q a = d a ^. Hence, within our formalism, the zweibein assumes its physical 
value when the physical gauge or the vanishing gauge potential are picked. Let us discuss 
these statements more quantitatively. A pure gauge connection is of the form 



An ISO(l, 1) gauge group element U can be written, in the vectorial representation of 



where A a b = 5 a b cosh a — e a b sinha is a finite Lorentz boost and p a a finite translation. With 
the representation (A. 2) the group multiplication is simply replaced by the matrix product. 
Then a pure gauge potential can be written as 




U = U(A, P ) e 750(1,1) 



(Al) 



LSO(l,l), as 




(A2) 
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Eq. (A. 3) should be compared with the (Lie algebra valued) gauge potential in the vectorial 
representation, namely 

leading to the expected values for a pure gauge connection 



u>n = —d u a 

e% = (A ) a b d^p = A b a d^p b 

The corresponding physical zweibein is, up to a Lorentz transformation, the total derivative 
of the gauged transformed Poincare coordinates q a with gauge group element U = (A, p). In 
fact, substituting Eqs. (A. 5) in V a ^ = V^q a = d^q a + e a b uj^,q b + e a ^ we get 

V\ = = A b a d^A b c q c + p b ) = A^r , (A6) 

where we denoted by q a the [/-gauge-transformed of the Poincare coordinates q a . 
The space time metric the becomes 

ds 2 = V\r) ah V b v dx»dx v = d li q a Vabd v q b dx' i dx v = Vabdq a dq b . (A.7) 

Even if the gauge potentials in Eq. (A. 5) are chosen to vanish the metric is still given by 
(A.7) because V a ^ = d^q a , namely, in the absence of interaction (A^ = 0) the metric tensor 
is Minkowskian. Consequently the physical zweibein corresponding to the zero connection 
gauge choice is, up to a Lorentz transformation, a Kronecker delta. 

In the physical gauge where q a = we have that V a M = e a jtt . But the physical gauge 
condition together with Eq.(A.5) impose e a ^ to be of the form 

e% = -A b a d^A b c q b ) , (A8) 

and the metric is flat in terms of the coordinates = 5%A a b q b . 

Nevertheless, there exists (as it should be) a choice of pure gauge potentials corresponding 
to the degenerate case of vanishing zweibein. It is given by 

(A9) 

e% = -9»,« a 

and corresponds to the vanishing of q a . 
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